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The quantum teleportation process is composed of a joint 
measurement performed upon two subsystems A and B (un- 
corrected), followed by a unitary transformation (parame- 
ters of which depend on the outcome of the measurement) 
performed upon a third subsystem C (EPR correlated with 
system B). The information about the outcome of the mea- 
surement is transferred by classical means. The measurement 
performed upon the systems A and B collapses their joint 
wavefunction into one of the four entangled Bell states. It 
is shown here that this measurement process plus a possi- 
ble measurement on the third subsystem (with classical chan- 
nel switched off - no additional unitary transformation per- 
formed) cannot be described by a local realistic theory. 

PACS numbers: 3.65. Bz, 42.50.Dv 



Quantum teleportation jl| is the operational protocol 
which enables one to transfer the quantum state of one 
system, say A, to another quantum system, C. The 
transfer can be obtained by performing a joint ('Bell- 
state') measurement on A and a third system B, origi- 
nally EPR entangled with C, and then unitarily trans- 
forming C according to the outcome of this measurement. 
Teleportation separates the complete information in A 
into two parts: a classical part carried by the outcome c 
of the joint measurement on A and B, and a nonclassical 
part carried by the prior entanglement between B and 
C. No cloning of quantum information takes place; the 
input state of A is destroyed before it is re-created at C. 

Teleportation is strongly related conceptually and ex- 
perimentally to other effects, like interferometric tests 
of against local realism involving independent sources of 
particles || , especially entanglement swapping ||,|| . In 
entanglement swapping, the particle A of the quantum 
teleportation protocol is originally entangled with some 
particle D. If, like in the case of quantum teleportation, 
a full Bell state measurement is performed on A and B, 
and depending on the outcome, after a classical trans- 
fer of information, a suitable unitary transformation is 
performed upon C, the particle D and C are in an en- 
tangled state. Thus, under such protocol, entanglement 
swapping can be interpreted as teleportation of entan- 
glement (from A to C). The final state of D and C can 
be used in an experiment in which Bell inequalities are 
violated. The measurement acts on D and C can eas- 
ily satisfy the necessary requirement for a Bell inequality 
test, namely that of spatial separation. Further, since the 
classical information on the outcome of the Bell measure- 
ment is needed on one side only (in the present example, 



in the vicinity of particle C), one may arrange the ex- 
periment in such a way that no classical information on 
the result of the Bell-measurement upon A and B can 
reach D before the local measurement on D, in the Bell 
inequality test, is done. In such a case, the teleportation 
process can be treated as just a more involved scheme 
of the preparation of the entangled state of D and C. 
This strongly suggests that there must be at least an el- 
ement in the teleportation procedure which defies local 
and realistic interpretation. 

The problem of the link of lack of link between the 
violations of local realism and the teleportation process 
has been addressed by many authors (for papers opening 
this discussion sec ||). In this work the following aspect 
of the problem will be discussed. As it was mentioned 
before, the teleportation process has its quantum and 
classical part. The classical part involves communica- 
tion via standard classical methods, and thus cannot be 
suspected of adding anything interesting to the relation 
of the teleportation process with the Bell theorem (ex- 
cept for the case of entanglement swapping, as discussed 
above). Even worse, the classical transfer of informa- 
tion from the Bell-state-measuring station (operated by 
Alice) to the particle C makes it possible that measure- 
ments upon C (after the full teleportation protocol) can 
be causally linked with the events at Alice's apparatus. 
Thus a Bell type analysis is absolutely excluded. Nev- 
ertheless, as it will be argued below, the quantum part 
of the process cannot be described by a local realistic 
formalism. 

First one should define what is meant here by the quan- 
tum part of the process. One can employ the simplest 
form of amputation: the classical information link be- 
tween Alice and Bob is cut. However, both parties are 
still allowed to perform the usual laboratory tasks for an 
experiment towards verification of the actuality of the 
teleportation process ||. Namely, Alice herself (or, for 
purists, this can be done by her friend Cecil) can prepare 
the particle A in any pure state, and subsequently she 
can make a Bell measurement on A and B. Bob, not 
knowing the result at Alice's side, nor the original state 
of A, instead of being totally idle, performs on particle C 
a measurement of a (generally randomly chosen) yes-no 
observable. 

The formal description of the above runs as follows (as 
in the classic case we assume all particles involved to be 
two-state systems). The initial three particle state is: 

(sin/3|Al) +cos J 8e i *|A2)) (1) 
x Ji(\Bl)\Cl) + \B2)\C2)), 
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where Ai, Bi, Ci denote the states of the three subsys- 
tems (the letter stands for the subsystem (particle) and 
i = 1,2 is the index of two orthogonal states). The pa- 
rameters </> and (3 are determined by the state preparation 
procedure of Cecil. 

Now Alice performs a measurement which collapses the 
A — B system in to the four Bell states: 



-(|P1}|A1) + |P2)L42)) = |00), 



(|Pl)L42) + |P2}L4l)) = |01), 



(\Bl)\A2)-\B2)\Al)) = \10), 



~{\Bl)\Al)-\B2)\A2)) 



111) 
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(3) 
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Please note, that the names of the states introduced 
above are binary expansions of 0, 1, 2, 3. They could con- 
stitute the possible content of the classical messages of 
Alice to Bob, informing him about the results obtained 
at the Bell-state analyzer (however, this link is cut). The 
Alice's measurement projects the particle C into certain 
four states. Bob, cut off from Alice, in desperation per- 
forms an experiment of a dychotomic (yes-no) nature 
which results in the projections into the two following 
orthogonal states: 



and 



cos/3'|Cl) + smp'exp(i(f>')\C2) = |0) (6) 



sin/3'|Cl) +cosP'ex P (i(j) , )\C2) = |1> (7) 



The probabilities of all possible eight global results (2 
results of Bob times 4 results of Alice), are 

P(00,0) = l/4-P(00,l) (8) 
= |(1 - cos 2{3 cos 2/3' + sin 2(3 sin 2/3' cos ((f) - (f>')) , 



P(01,0) = 1/4- P(01,l) 
§ (l + cos 2/3 cos 2/3' + sin 2/3 sin 2/3' cos ((f) + <f>')) . 



(9) 



P(10,0) = l/4-P(10,l) (10) 
= |(1 + cos 2/3 cos 2/3' - sin 2/3 sin 2/3' cos (</> + </>')), 

P(11,0) = l/4-P(ll,l) (11) 
= |(1- cos 2/3 cos 2/3' - sin 2/3 sin 2/3' cos (0 -</>')) . 

Let us assign to the four possible results of Alice's mea- 
surement, c = 00, 01, 10 or 11, four two-dimensional vec- 
tors (for some other non-conventional value assignments 
for experimental results see M) 



A(0Q) = (-1,-1),A(01) = (-1,1), 
1(10) = (1,-1), 1(11) = (1,1). 



(12) 



The link between the vectors and the binary numbers is 
obvious. The digit has been replaced by —1 because 
this trick makes the subsequent derivation of a Bell in- 
equality much easier. Please note, that this procedure 
differs from the usual one (i.e. assignment of certain real 
numbers, "eigenvalues" , to certain projectors) by the fact 
that we ascribe to the projectors more complicated ob- 
jects. The results of Bob's measurements, i = or 1, will 
be described in a similar fashion, namely by ascribing 
numbers /b(0) = —1 and is(l) = +1- 

To simplify the description of the global measurement 
results one can introduce a suitably defined correlation 
function. Let us consider such a function as the average 
of products of the results on each side (here, vectors times 
numbers). E.g. the result (00,0), i.e. a detection of the 
first Bell state, 00, by Alice and simultaneous detection 
of state by Bob, can be ascribed — 1(— 1, —1) = (1, 1), 
etc. With such definitions of the values assigned to the 
possible pairs of the outcomes the correlation function 

n 

E([3, (/>; [3',(f>')=J2 E P ( c ' 0^(*)^(c) (13) 

c=00 i=0,l 

acquires a form of a two dimensional vector and for the 
explicit form of the quantum prediction reads: 



= sin 2/3 sin 2/3' (cos (f> cos (f>' , sin (f> sin < 
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Let us now simplify the problem a bit. Assume that 
Alice prepares states of A with f3 = 45°, and Bob fixes 
his apparatus at /3' = 45° too. The correlation function 
is then simplified to: 



E((f>; (f>') QM 
(cos (f> cos (f)', sin (f> sin </>') 



(15) 



It will be shown that this correlation function cannot be 
modeled by local hidden variable theories. 

Imagine that a hidden variable A specifies the future 
results of the experiments of Alice and Bob. The product 
of such predictions reads 



7 B (0',A)1(</>,A) 



(16) 



where, Ib(4>\ A) = ±1 is the local hidden variable (LHV) 
prediction for the result of the measurement by Bob (for 
the given value of the hidden parameter A, and the local 
observable defined by (/>') and the vector A((f>, A), which 
is the LHV prediction for the Alice's result, depends on 
A and (f>, and takes one of the four values (|12|). The local 
hidden variable prediction for the correlation function is 
an averag e of (|6|) over a certain (properly normalized) 
distribution p(X), namely 
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E(<j>; 4>')lhv 

fd\ P {\)i B (<f>',\)A{(l>,\). 



(17) 



Now let us assume that Alice can set the values of the 
phase (f> which prepares the state of particle A at or 90 
degrees, whereas Bob can play with <\>' at -45 and +45 
degrees. 

To show that E(<j>; 4>')qm cannot be modeled by 
E((j);(j}')LHV the geometric approach of [|| will be used. 
It is based on the following simple observation. Assume 
that one knows the components of a certain vector q (the 
known vector) belonging to some vector space, whereas 
about a second vector h (the test vector) one is only able 
to establish that its scalar product with q satisfies the 
inequality (h|q) < ||q|| 2 . The immediate implication is 
that these two vectors cannot be equal: q ^ h. 

To form a vector for such an argument, one can take 
the values of the quantum correlation function at the 
2x2 = 4 pairs of the possible settings of the macroscopic 
parameters controlled by Alice and Bob (<fi,4>'). In this 
way a " super- vector" V^ M is built. The first component 
of the super- vector, for the settings (0°, —45°), reads: 



V? QM = £(0;-45) QM = 
the second for (0, 45) 

V 2 QM =£(0;45) QM = 
the third one at (90, -45) 



V, 



QM _ 



£(90;-45) QM = 



the fourth (90, 45) 



QM 



£(90;45) QM 



(18) 



(19) 



(20) 



(21) 



The square of the norm of such a super vector, denoted 
by || V^ M || 2 , can be defined as the sum of the squares of 
the norms of all the components, where the square of the 
norm of a component is in turn the sum of the squares 
of its two components. Therefore one has 



yQM ||2 = 



£l^ M l 2 = 2 - 



(22) 



We shall now estimate the scalar product of the quantum 
super-vector with analogous super-vector V HV which 
has the structure characteristic for (deterministic) local 
hidden variables. Of course, the aforementioned scalar 
product is defined in a way compatible with the norm 
(i.e. it is a sum of the products of the respective compo- 
nents, and the product of two components is again the 
sum of the products of the respective elements of the 
components): 



(V QM , V LHV ) = £ V? M ■ V t 



LHV 



(23) 



with being equal to the value of E((f>, <f>') lhv for 

appropriate pairs of settings. As it is usual in the proofs 
of the Bell theorem, it is better first to consider the hid- 
den variable prediction for a single specified A and only 
later average this over the distribution of the hidden vari- 
ables. 

Thus, what we should do Q is to estimate the scalar 
product of the super-vector constructed out of hidden- 
variable predictions for the specified A with the quantum 
supervector (defined above). The hidden variable super- 
vector for a specific A, which will be denoted by H(A), 
has the following components: 

H{X)i =/ B (-45,A)(A(0,A) 1 ,v4(0,A) 2 ), (24) 



#(A) 2 = / B (45,A)( J 4(0,A) l!J 4(0,A) 2 ), (25) 
H(X) 3 =/ B (-45,A)(A(90,A) 1 ,v4(90,A) 2 ), (26) 

H(X) A = / B (45, A)(A(90, A)i, A(90, A) 2 ) . (27) 

For the scalar product (V QM , H(A)) , since is (</>', A) 
■ 1 and A(4>, A); = ±1, one gets: 

- 271/2 < (V« M , H(A)) (28) 
= V /T72(A(0,A) 1 [/ S (-45,A) + / B (45,A)] 
+ A(90, A) 2 [J S (45, A) - 7 B (-45, A)]) < 2^172. 

Thus if one now averages this inequality over the distri- 
bution of the hidden variables p(X) , the following relation 
emerges 

- V2 < (V« M , V LHV ) <V2<\\ V« M || 2 = 2. (29) 

This implies simply that V LHV ^ V^ M , which means 
in turn nothing else than that no local hidden variable 
correlation function can reproduce the quantum predic- 
tion (i.e. we have a Bell theorem for the process). Please 
note that the appropriate Bell inequality is given here by 
the first two inequalities in (p9|). 

This method can still be expanded to cover much more 
settings of the variables, here only the simplest case was 
presented. It is an interesting fact that needs further 
investigation, that the Bell inequality presented here is 
violated by the same factor a/2 as the CHSH inequality 
for the usual Bell theorem involving a pair of particles in 
a maximally entangled state. This may imply that the 
quantum component of the teleportation process cannot 
be described in a local and realistic way as long as the 
initial state of B and C neither admits such models. 
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The present result also explains why the current local 
hidden variable model explaining the low detection effi- 
ciency teleportation ||] cannot be extended into high ef- 
ficiency case. Simply, had this been possible, such model 
would constitute a LHV model of the process considered 
here, what by (|29| ) is impossible. Also, for the same 
reason, considerations with toy-models like those in ]Tc| ] 
cannot be extended in such a way that they can fully 
reproduce the quantum teleportation process. Neverthe- 
less, the interesting conclusions reached in |Tl|| , namely 
that one can model the teleportation process with spe- 
cific local hidden variables and classical communication 
channel, requiring the transfer of on average 2.19 bits, 
are not in a disagreement with the present result. 

The inequality ( p9j) can serve as the Bell-type inequal- 
ity for the experiment of Boschi et al jl^]. In this ex- 
periment the system A was replaced by the polarization 
degree of freedom of one of the photons of the EPR en- 
tangled pair (the pair was entangled in linear momen- 
tum directions). In this way measurement discriminat- 
ing between the four correlated states of polarization and 
momentum direction of a single photon, which are for- 
mally equivalent to (|^-^|), can be performed with stan- 
dard quantum interferometric techniques. Thus all ob- 
servables involved in the present scheme found their rep- 
resentation in the experiment. However, due to the an- 
gles chosen in the exp eriment, one cannot directly ap- 
ply the inequality (|29|). Nevertheless the obtained, very 
high, visibility of the two-particle fringes, is well above 
the threshold (71%) indicated by (f|). This indirectly 
rules out a LHV model for the experiment (of course, 
provided one accepts the fair sampling assumption). 

In the teleportation experiment involving all three par- 
ticles (with A emitted independently of the emission of 
the EPR pair B and C) Jl3| , due to fundamental techni- 
cal limitations, one currently cannot distinguish between 
all four states (§-||), and therefore the inequality can- 
not be applied. However, the extension of the experi- 
ment to the teleportation of entanglement, i.e. entan- 
glement swapping process 14 1 , JT5| , results in entangling 
previously independent photons, on which in turn a Bell- 
type experiment can be performed. Such experiment 
is possible on a subenscmble of events for which only 
one of the states (||-||) was measured, i.e. entanglement 
swapping does not need a full Bell-state measurement 
to be indescribable by local realistic theories. Unfortu- 
nately, the visibility in |TJ] was around 65%, i.e. within 
a zone for which one can build explicit LHV models jl6) . 
Thus, higher visibility realization of entanglement swap- 
ping would constitute an important fact in the empirical 
knowledge on the nature of quantum teleportation. 

The presented results cannot be applied directly to the 
teleportation experiment involving continuous variables 
of |l7| . However one can speculate that the recent result 
of ref. |lq ], concerning the Bell theorem for the original 
EPR state, may, after suitable extensions, lead to the 
same conclusions. 

Support of the University of Gdansk Grants No. BW- 



5400-5-0062-5 (1995), BW/5400-5-0264-9 (1999) and of 
the Austrian-Polish Scientific Collaboration Program 
Quantum Information and Quantum Communication II 
Nr. ll/98b is acknowledged. The author wishes to thank 
for discussions Anton Zeilinger, Harald Weinfurter and 
the Horodecki Family. 



[1] 



[i] 
[5] 

[6 

[7; 

[8 

[9 
[10 

[11 

[12 

[13 

[14; 
[is; 

[16 

[17; 
[is; 



C.H.Bennett, G. Brassard, C.Crepeau, D.Jozsa, A.Peres, 
and W.K.Wootters, Phys.Rev.Lett. 70, 1895-1899 
(1993). 

B. Yurke and D. Stoler, Phys. Rev. A 46, 2229 (1992). 
M. Zukowski, A. Zeilinger, M.A. Home and A.K. Ekert, 
Phys. Rev. Lett. 71, 4287 (1993); S.L. Braunstein and A. 
Mann, and M. Revzen, Phys. Rev. A 51, R1727 (1995). 
M. Zukowski, A. Zeilinger and H. Weinfurter, Ann. NY 
Acad. Sci. 755, 91 (1995). 

S. Popescu, Phys. Rev. Lett. A 72, 797 (1994); L. Vaid- 
man, Phys. Rev. A 49, 1473 (1994); N. Linden and S. 
Popescu, Phys. Rev. A 59, 137 (1999). 
In an experiment verifying the process of teleportation 
one knows the state of A. However, such knowledge is 
not required for a working quantum teleportation channel 
(this is one of the most appealing features of the process). 
M. Zukowski, A. Zeilinger and M.A. Home, Phys. Rev. 
A 55, 2464 (1997). 

M. Zukowski, Phys. Lett. A 177, 290 (1993); M. 
Zukowski, in Quantum Interferometry, eds. F. DeMartini 
and A. Zeilinger (World Scientific, Singapore, 1994), D. 
Kaszlik owski and M. Zuk owski, Phys. Rev. A (in print, 
also as |quant-ph/9908009l). 



R. Risco-Delgado, The meaning of teleportation in terms 
of quantum zero point field, preprint. 
L. H ardy, "Disentanglin g Nonlocality and Teleporta- 
tion" , 



quant-ph/9906123 



N.J. Cerf, N. Gisin, and S. Massar, "Classic al Teleporta- 



tion of a Quantum Bit", ^uant-ph/9906105 , 
D. Boschi, S. Branca, F. De Martini, L. Hardy, and S. 
Popescu, Phys. Rev. Lett. 80, 1121 (1998). 
D. Bouwmeester, J. W. Pan, K. Mattle, M. Eibl, H. We- 
infurter, and A. Zeilinger, Nature 390, 575 (1997). 
J.-W. Pan, D. Bouwmeester, H. Weinfurter, and A. 
Zeilinger, Phys. Rev. Lett. 80, 3891 (1998). 
D. Bouwmeester, K. Mattle, J.-W. Pan, H. Weinfurter, 
A. Zeilinger and M. Zukowski, Appl. Phys. B, 67, 749 
(1998) 

M. Zukowski, D. Kaszlikowski, A. Baturo, and J.-A. 



Larsson, quant-ph/9910053. 

A. Furusawa, J. L. Sorensen, S. L. Braunstein, C. A. 
Fuchs, H. J. Kimble, and C. A. Fuchs, Science 282, 706 
(1998). 

K. Banaszek and K. Wodkiewicz, Phys. Rev. A, 58, 4345, 
(1998). 



4 



